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Abstract 

We define admissible quasi-Hopf quantized universal enveloping (QHQUE) algebras 
by fi-adic valuation conditions. We show that any QHQUE algebra is twist-equivalent to 
an admissible one. We prove a related statement: any associator is twist-equivalent to a 
Lie associator. We attach a quantized formal series algebra to each admissible QHQUE 
algebra and study the resulting Poisson algebras. 


0 Introduction 


In IWXl . Weinstein and Xu introduced a geometric counterpart of quasitriangular 
quantum groups: they proved that if (g, r) is a finite dimensional quasi-triangular Lie bial¬ 
gebra, then the dual group G* is equipped with a braiding with properties analogous 
to those of quantum R-matrices (in particular, it is a set-theoretic solution of the quan¬ 
tum Yang-Baxter Equation). An explicit relation to the theory of quantum groups was 
later given in IGHl EHIIEGHI : to a quasi-triangular QUE algebra {Un{g),m,R) quantizing 
(g,r), one associates its quantized formal series algebra (QESA) Uti{g)' C 14 (g); Unig)' 
is a flat deformation of the Hopf-co-Poisson algebra = (E(g*))* of formal functions 
of G*. Then one proves that Ad(R) preserves Unigy^^, and Ad(R)|f,=o coincides with the 
automorphism ■^wx of moreover, p = filog(R)|;j=o is a function of indepen¬ 
dent on a quantization of g*, which may be expressed universally in terms of r, and .^wx 
coincides with the “time one automorphism” of the Hamiltonian vector field generated by 
P- 

In this paper, we study the analogous problem in the case of quasi-quantum groups 
(quasi-Hopf QUE algebras). The classical limit of a QHQUE algebra is a Lie quasi¬ 
bialgebra (LQBA). V. Drinfeld proposed to attach Poisson-Lie “quasi-groups” to each 
LQBA I IIDrTI I. Axioms for Poisson-Lie quasi-groups are the quasi-Hopf analogues of the 
Weinstein-Xu axioms. 

A Poisson-Lie quasi-group is a Poisson manifold X, together with a “product” Poisson 
map -^X, a unit for this product e €X, and Poisson automorphisms <I>x G Aut(X^), 


1 




and G Aut(x4), such that 



A twistor for the quasi-group {X,mx,^x) is a collection of Poisson automorphisms Fx G 



such that 


{mx X id) = Fxo (inx x id), 



A twistor replaces the quasi-group {X,mx,^x) by ^'^^xy‘^x) "'i'^b m'^ = mx oFx and 

xid)-’oOxo^’x^^°(idx^x). 


(Other axioms for Poisson-Lie quasi-groups were proposed in a differential-geometric 
language in IBanllKSl .) 

We do not know a “geometric” construction of a twist-equivalence class of (X, mx, Ox) 
associated to each Lie quasi-bialgebra, in the spirit of IWXI . Instead we generalize the 
“construction of a QFS algebra and passage to Poisson geometry” part of the above dis¬ 
cussion, and we derive from there a construction of triples {X,mx,^x), in the case of Lie 
quasi-bialgebras with vanishing cobracket. 

Let us describe the generalization of the “construction of a QFS algebra” part (precise 
statements are in Section 1). We introduce the notion of an admissible quasi-Hopf QUE 
algebra, and we associate a QFSA to such a QHQUE algebra. Each QHQUE algebra can 
be made admissible after a suitable twist. 

We generalize the “passage to Poisson geometry” part as follows. The reduction mod¬ 
ulo Ti of the obtained QFS algebra is a quintuple {A,m,P,A, (p) satisfying certain axioms; 
in particular exp(y^) is an automorphism of and (A,m,exp(y^)) satisfies the axioms 
dual to those of (X,mx,‘t>x)- 

When the Lie quasi-bialgebra arises from a metrized Lie algebra, admissible QHQUE 
algebras quantizing it are given by Lie associators, and we obtain a quasi-group {X , mx, ‘t>x) 
using our construction. We also prove that its twist-equivalence class does not depend on 
the choice of an associator. 

Einally, we prove a related result: any associator is twist-equivalent to a unique Lie 
associator. 


§ 1 Outline of results 


Let K be a field of characteristic 0. Let {U,m) be a topologically free K[[/j]]-algebra 
equipped with algebra morphisms 


A : U U®U, and e : U 

with (e (g) id) o A = (id (ge) o A = id 
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such that the reduction of {U,m,A) modulo his a universal enveloping algebra. Set 


U' = {x € U\ for any tree P, (x) £ 

(see the dehnitions of a tree, and |P| in Section 2). We prove: 

Theorem 1.1. U' is a topologically free ]K[[/i]]-a(gehra. It is equipped with a complete 
decreasing algebra filtration 

([/')(") = £ U\for any tree P, 

U' is stable under the multiplication m and the map A .• t/ —> induces a continuous 

algebra morphism 

Au, : t/'^ = lim I ^ (g) 

Set G := U'/hU'. Then G is a complete commutative local ring and the reduction modulo 
h ofAiji is a continuous ring morphism 

Ae ■. G^G®^ = lim [ G®'^! ^ G^p^ ® G^‘i'> 

" \ P,‘i\P+‘j=n 



where G^P'l = U'^P'^ / {hU 

Theorem 1.2. Let (t/,m,A,<I>) be a quasi-Hopf QUE algebra. Assume that 

hlog{^) £ {U’f\ (1.1) 

Then there is a noncanonical isomorphism of filtered algebras U'/hU' —> 5(0), where 
5(0) is the formal series completion of the symmetric algebra 5(0). 

When {U,m,A,<P) satishes the hypothesis (ll.lt . we say that it is admissible. In that 
case, we say that U' is the quantized formal series algebra (QFSA) corresponding to 
{U,m,A,<P). Let us recall the notion of a twist of a quasi-Hopf QUE algebra {U,m,A,fp). 
This is an element F £ (t/®^)’^, such that (e®id)(U) = (id(g)e)(U) = 1. It transforms 
{U,m,A,<P) into the quasi-Hopf algebra (t/,m,^A,^<I>), where 

^A = Ad(U) o A, and = (1 ® F) (id(g)A)(U)<I>(A 0 id)(U)-' (U ® 1)-'. 

Theorem 1.3. 

1) Let (t/,m,A,<I>) be an admissible quasi-Hopf QUE algebra. Let us say that a twist 

F of U is admissible if h\og{F) £ U'®'^. Then the twisted quasi-Hopf algebra 
{U,m,PA,P<P) is also admissible, and its QFSA coincides with U'. 

2) Let (t/,m, AjO) be an arbitrary quasi-Hopf QUE algebra. There exists a twist Fq ofU 

such that the twisted quasi-Hopf algebra (t/,m,^*'A,^0'I>) is admissible. 

Theorem ll.3l can be interpreted as follows. Let {U,m) be a formal deformation of a uni¬ 
versal enveloping algebra. The set of twists of t/ is a subgroup G" of (t/®^)^. Denote by 
^ the set of all quasi-Hopf structures on {U,m), and by ^adm the subset of admissible 
structures. If ^ is nonempty, then ^adm is also nonempty, and all its elements give rise 
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to the same subalgebra U' dU (Theorem ll.3l 1)). Using U', we then define the subgroup 
>%dm d ^ of admissible twists. We have a natural action of on which restricts to 
an action of on cSadm- Theorem I 1.31 21 says that the natural map 


^adm/^ad IT 




is surjective. Let us explain why it is not injective in general. Any QUE Hopf alge¬ 
bra {U,m,A) is admissible as a quasi-Hopf algebra. If m G and F — (m (g) m)A(m)^*, 
then {U,m,^A) is a Hopf algebra. So {U,m,A) and [UA) are in the same class of 
SF. These are also two elements of ^admi the corresponding QFS algebras are U’ and 
Ad(M)(t/'). In general, these algebras do not coincide, so {U,m,A) and [UA) are not 
in the same class of ^adm/=^5^dm- 

The following result is a refinement of Proposition 3.10 of Iir)r2l . Let (g,/r,^) be a 
pair of a Lie algebra ( 0 ,/r) and (p d A^(g)®. Then (g, 5 =0,(p) is a Lie bialgebra. 

Proposition 1.4. There exists a series S’{(p) G t/(g)®^[[fi]], expressed in terms of {jx,(p) by 
universal acyclic expressions, such that (U{Q)[[h]],mo,Ao,S{(p)) is an admissible quanti¬ 
zation of{Q,ll,(p). 

This proposition is proved in Section 6 . 

Let us define a Drinfeld algebra as follows: 

Definition 1.5. A Drinfeld algebra is a quintuple {A,mQ,P,A,(p), where 

• (A,mo) is a formal series algebra, 

• P is a Poisson strcture on A “vanishing at the origin” (i.e., such that Im(P) C tri/i, 
where rU/i is the maximal ideal of A), 

• A .• A ^ A®A is a continuous Poisson algebra morphism, such that (e (g) id) o A = 
(id(8)e) o A = id, where £ : A —> A/m^i = K is the natural projection, 

• ^ G (m, 4 )®^ satisfies 


(id(g)A)(A(fl)) = ^*(A(g)id)(A(a))*(—^), ad A, 

— 1 2 34 —12 3 4 —2 3 4 —1 23 4 —1 2 3 

(p ' ir (p ^ * (p ’ ' * (p ’ 


where we set f*g = f + g+ jPif->8) + '' ■> CambelTBaker-Hausdorff (CBH) 
series of the Lie algebra (A,P). 

If / G tn®^, we define the twist of the Drinfeld algebra (A,mo,P, A, (p) by / as the algebra 
{A,m(),P/A/(p), where 

^A(fl) =/*A(a)*(—/), and 


then {A,m(},P/A/(p) is again a Drinfeld algebra. 

Remark 1.6. If A is any Artinian local K-ring with residue field K, set X = Hom]K(A, A). 
Then X is the “Poisson-Lie quasi-group”, in the sense of the Introduction. Namely, Aq 
induces a product mx '■ X x X ^ X, and exp(y^), exp(y^i 2 , 3 , 4 ), etc., induce automor¬ 
phisms Ox, etc., of X, that satisfy the quasi-group axioms (we denote by yy 

the Hamiltonian derivation of A®^ induced by / G A®^). Moreover, if / is a twist of 
A, then exp(y^), exp(y^i 2 , 3 ), exp(y^(i 2 ) 3 , 4 ), etc., define a twistor ...) of 

{X,mx,^x)- Twisting A by / corresponds to twisting {X ,mx ^'Px) by {Fx,F^^’^ ,...). 
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Lemma 1.7. If {A,mo,P, A, (p) is a Drinfeld algebra, set g = mA/{vn.A)^; then P induces 
a Lie bracket jj. on g, A~ induces a linear map 5 ; g the reduction 

o/Alt((p) is an element (p o/A^(g). Then {Q,jl,5,(p) is a Lie quasi-bialgebra. Moreover, 
twisting {A,mo,P,A, (p) by f corresponds to twisting (g,/i, 5, (p) by 

/:= (Alt(7)mod (ttia)^ Ottia + mA ® (mA)^) e A^(g). 

Taking the reduction modulo h induces a natural map 

^adm/>!^dm —> {Drinfeld algebra structures on 5 (g)}/twists. 


To summarize, we have a diagram 

^ {Drinfeld algebra structures') , 

^ ^adm/^adm ^ | on 5 (g) |/twistS 

class [ [ red 


(Lie quasi-bialgebra structures on (g,/r)}/twists, 

where class is the classical limit map described in |Dr2l, and red is the map described in 
Lemma [LTI It is easy to see that this diagram commutes. 

When t/ is a Hopf QUE algebra, the corresponding Drinfeld algebra is the Hopf- 
Poisson structure on ffg* = {^{q*))*, and (p = 0. 

Let {g,p,5,(p) be a Lie quasi-bialgebra. A lift of {q,p, 5,(p) is a Drinfeld algebra, 
whose reduction is {g,p,d,(p). A general problem is to construct a lift for any Lie quasi¬ 
bialgebra. We will not solve this problem, but we will give partial existence and unicity 
results. 

Assume that 5 = 0. A quasi-Lie bialgebra is then the same as a triple (g, /r, ^) of a Lie 
algebra (g,ft) and (p S A^(g)®. 

Theorem 1.8. 


1) There exists a lift 

(5'(g),mo,P0*,Ao,^) (1.2) 

of (g,/d, 5 = 0, (p). Here Pg* is the Kostant-Kirillov Poisson structure on g* and Aq 
is the coproduct for which the elements of g are primitive. 

2) Any two lifts of {g, 11,5 = 0,<p) of the form M.2\ are related by a g-invariant twist. 


Examples of quasi-Lie bialgebras with 5=0 arise from metrized Lie algebras, i.e., 
pairs (gjfg) of a Lie algebra g and fg S 5^(g)®. Then (p — [fg’^,tg’^]. Recall that a Lie 
associator is a noncommutative formal series <I>(A,Z?), such that log<I>(A,B) is a Lie series 
[A,B]-|-higher degrees terms, satisfying the pentagon and hexagon identities (see lDr3I L 


Proposition 1.9. If ^ is a Lie associator, we may set (p ~ log('I>)(fg’^,fg’^), where A 
the image oft'g in 5 (g)®^, and we use the Poisson bracket o/5'(g)®^ in the expression of 


iog(o)(f77f77. 


We prove these results in Section 6. If now <I> is a general (non-Lie) associator, (U (g) [[/i]], 
mo,AQ,<$>{htg,htg )) is a quasi-Hopf QUE algebra, but it is admissible only when <I> is 
Lie (for general g). According to Theorem lL3l 2L it is twist-equivalent to an admissible 
quasi-Hopf QUE algebra. We prove 
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Theorem 1.10. Any (non-Lie) associator is twist-equivalent to a unique Lie associator. 

So the “concrete” version of the twist of Theorem ll.lOl is an example of the twist F of 
Theorem ll.31 2'). 


§ 2 Definition and properties of U' 


In this section, we prove Theorem ll.il We first introduce the material for the definition 
of U': trees (a); the map (b); then we prove Theorem ll.ll in (c) and (d). 

- a - Binary complete planar rooted trees 

Definition 2.1. A n-binary complete planar rooted tree (n-treefor short) is a set of vertices 
and oriented edges satisfying the following conditions: 

• each edge carries one of the labels {/, r}. 

• if we set: 

valency of a vertex = [csvAiincoming edges) ,csLTd{outgoing edges)), 
we have 

- there exists exactly one vertex with valency ( 0 , 2 ) (the root) 

- there exists exactly n vertices with valency ( 1 , 0 ) (the leaves) 

- all other vertices have valency ( 1 , 2 ) 

- if a vertex has valency (x,2), then one of its outgoing edges has label I and the 
other has label r. 

• the set of leaves has cardinal n. 

Let us denote, for n > 2, 

Tree,, = {n-binary complete planar rooted trees}. 

By definition, Treei consists of one element (the tree with a root and one nonmarked edge) 
and Treeo consists of one element (the tree with a root and no edge). We will write If*! = n 
if P is a tree in Tree„. 

Definition 2.2. (Extracted trees) Let P be a binary complete planar rooted tree. Let L 
be the set of its leaves and let If be a subset of L. We define the extracted subtree Pit as 
follows: 

(1) P[j is the set of all edges connecting the root with an element ofL’, 

(2) the vertices ofPp all have valency ( 0 , 2 ), ( 1 , 0 ), ( 1 , 2 ) or ( 1 , 1 ); 

(3) Pp is obtained from Pp by replacing each maximal sequence of edges related by a 

( 1 , 1 ) vertex, by a single edge whose label is the label of the first edge of the se¬ 
quence. 

Then Pp is a \L!\-binary complete planar rooted tree. 

Definition 2.3. (Descendants of a tree) If we cut the tree P by removing its root and the 
related vertices, we get two trees P' and P", its left and right descendants. 
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In the same way, we define the left and right descendants of a vertex of P. 

If P is a «-tree, there exists a unique bijection of the set of leaves with such 

that for each vertex, the number attached to any leaf of its left descendant is smaller than 
the number attached to any leaf of its right descendant. 

- b - Definition of \ U ^ t/®” 

Let us place ourselves in the hypothesis ofTheorem ll.il Let us define 5^^'^ \ t/ —> t/®^, 

= A(x) —X® 1 — 1 (8)x + e(x)l (8) L 
For P 2 the only tree of Tree 2 , we set 

§{P2) = §{2) ^ § 

For Pi, the only tree of Tree 1 , we set 

= X — e(x)l. 

For Po the only tree of Treeo, we set 

5(^o)(x) = 5(“)(x) = e(x). 

When P is a n-tree with descendants P' and P", we set 

5(/') = (5(P)^5{P'))o5, 

so 5^^^ is a linear map U t/®". 

- c - Behavior of with respect to multiplication 

If L = {ii,... , 4 } is a subset of {1,... ,n}, where 4 < 4 < ■ ■ ■ < 4. the mapx 1 -^ x® is 
the linear map t/®^ ^ 1 /®", defined by 

Xl (g) • • • (^Xk ^ 1®'‘^^ (gXl (g) 1®'2-'1-1 (^X2 (g) ■ ■ • g) 1®'*:“'*-!-^ (gXi g) 1®"-'*-'. 

If E = 0, X x^ is the map K ^ t/®", 1 1®". 

Proposition 2.4. For P £ Tree„, we have the identity 

5(")(xy)= ^ i5^^'Hx)f , 

i'ur"={i,...,n} 

for any x^y £ U. 

This proposition is proved in Section 5. 

- d - Construction of U' 

Let us set 

t/' = {x £ U\ for any tree P, 5^^\x) £ 7il^lt/®l^l}. 
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Then U' is a topologically free ]K[[/l]]-submodule of U. Moreover, if x,y G U', and P is a 
tree, then 








the summand corresponding to a pair (E,E') with E n E' = 0 is zero, and the /i-adic valua¬ 
tion of the other summands is < |E| + |E'| < |P| -f 1; so G On the 

other hand, there exists z&U such that [x,y\ = Tiz, so S^^^(z) G so z G (7' and 

we get [x,y] G Tit/'. It follows that U'/fiU' is commutative. Let us set 


= u’nn"u. 


(2.3) 


We have a decreasing filtration 

we have C Ti^U , so U' is complete for the topology induced by this filtration. This is 

an algebra filtration, i.e., C It induces an algebra filtration on U' /MJ', 

U'/hU' D • • O f^hu') D • • •, 

for which U'/hU' is complete. Moreover, the completed tensor product 

U'm'= \im{U'%U'/ E 

n p,q\p-\-q=n 


identifies with 

lim ({x G t/§)t/|VP, Q, ® ) (x) g /il^l+'Olf/S^y 

n 

{xGt/gt/|VP,e, GTi”“("’l^l+l2l)t/®2}). 

If X G U', and P,Q are trees, with |P|, \Q\ 7 / 0, then since 5(^)(1) = 5^® (1) = 0 , we have 

® 5(®)(a(x)) = ® 5(®)(5(x)) = 5^^\x) G 

^fi\P\+\Q\u^P\+\Q\^ 

where R is the tree whose left and right descendants are P and Q-, so |P| = |P| + \Q\. On 
the other hand, 

® e)(A(x)) = 5^^\x) 0 1 G 
(e(g)5(^))(A(x)) = 1 ® 5(^)(x) G 

so A(x) satisfies 0 5(®)(A(x)) G /il^l+l2l[/®l^’l+l2l for any pair of trees {P,Q). A ; 
U ^ U(SiU therefore induces an algebra morphism Afj/ : U' whose reduction 

modulo Ti is a morphism of complete local rings 




where = U'/hU' and ffp = nhU'). 


§ 3 Classical limit of U' 


We will prove Theorem 1 1.21 as follows. We first compare the various where P 
is a n-tree (PropositionRelations found between the imply that they have h- 
adic valuation properties close to those of the Hopf case (ProDosition l3.2li . We then prove 
Theorem ll.2l 

- a - Comparison of the various 5^^) 

Let P and Pq be n-trees. There exists an element £ f/®", such that = 
Ad(4>^’^o) o The element is a product of images of 4> and by the vari¬ 

ous maps t/®^ ^ t/®" obtained by iteration of A. We have 


^P',Po ^ ^P'-P^P-Po 


(3.4) 


for any n-trees Po,P,P\ For example, 

(id(g)A) o A = Ad(<I>) o ((A® id) o A), 

(A(g) A) o A = Ad(4>'2,3,4) o ((A(g)id®^) o (Ag)id) o A), etc. 

Proposition 3.1. Assume that fi\og{^) £ (f/^)®^. Then there exists a sequence of elements 

pPPoRLv ^ g • • • £ (t/'®")®", 

a 

indexed by the triples v), where R is a tree such that |/?| < n, E is a subset of 

{1,... ,n} with card(E) = |f?|, and V is an integer > 1, such that the equality 

= Ad(0^’^«)o5(^«)-f Y. Y. Y 

k\k<nR a. k-lxQQ 

card{£)=/: 

E E»<1«(0”') - - ° a4(fvT"') o (S'*’)" (3.5) 

v>l a 


holds. Here a.Afi(x){y) = ^[x,y]. 

Proof. Let us prove this statement by induction on n. When n = 3, we find 

5(1(23)) ^ Ad(0)5((‘2)3) + (Ad(4>) - 1)(5^’2 -f 5^’^ -I- 5^’^ -f -f -f 

so the identity holds with = ■^(/ilog't*)®'' for all choices of (f?,E,v), except 

when \R\ =0, in which case = 0. Assume that the statement holds for any pair of 

F-trees, k <n, and let us prove it for a pair {P,Pq) of (n -f l)-trees. For k any integer, let 
fleft(^) be the F-tree corresponding to 

5{/)eft(^)) = (5g)id®'^-2)o...o5^ 
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Thanks to (13.4> . we may assume that Pq — fleft(n + 1 ) and P is arbitrary. Let P' and P" be 
the subtrees of P, such that |P'| + \P"\ = n + 1 , and (g) o 5. Let Pi and 

P 2 the n-trees such that 

§{Pi) = (5(fieft(^')) ^ 5(0) o 5 and 5^) = (5{Oft(*')) ^ 5 (neft(^"))) o 5 

Assume that |Pi | ^ 1 . Using (I3.4t . we reduce the proof of (13.5t to the case of the pairs 
{P, Pi), (Pi, P 2 ) and {P 2 ,Pq). Then the induction hypothesis applied to the pair {P',Pieft{k')), 
together with 0 1 ®^”, implies 

50=Ad(4>^'^‘)o5(^')+ E E E 

k\k<k'R a k-tree. 

card(Z)=/: 

^ ^ Ad( 4 >^-^>) o 0 1®^") • • • ® 1®*^') 

V>1 a 

o (( 5 O ® 5(0) o 5)®4 '+i.....«+i^ 

which is (lL5t for {P,Pi). In the same way, one proves a similar identity relating Pi and 
f’2- Let us now prove the identity relating P 2 and Pq. We have 5(^2) — (5 (g)id®"^*) o 5 (^ 2 -* 
and 5(^( = (5(8)id®”^^) o 5 (^ 0 ), where Pj and Pq are n-trees. We have 

0 ^ 2 To ^ (A(g)id®"^^) oO^aTo 


so we get 


5 O) = Ad(<I>^2.T))o5{/>o) 

+ (Ad(0^2To) _ Ad((0^^'fo)l'3= -.«+l)) o (5(^’o))f3,....«+l 

+ (Ad(0^2To) _ Ad((0^2To)2.3,....«+l)^ o (|g(/i)))2,3,....«+l 

+ (5®id®"-')(£ £ £ 

k<nR a ^-tree 

card{Z)=A: 

EE^d,(pl"o^'')...ad,(P«''')o(50)^)^ 


V>1 CC 


We have /ilog 0 ^ 2 To g jj/^n+i /;log 0 ^ 2 To g f/'®'’; this fact and the relations 

(5®id®"^')(adr,(xi) • • •ads(xv) o = 

(ad/i(x[^’ '’"+') o • • • oadfl(xv^’ '’"+’) - ad;i(xj’^’ '’"+') o • • • o ads(xv^’ '’"^’) 

- ads(xj’^’ -’"+') o • • • o adfi(xv’^’ -’"+')) o (5^^')®+^ 

if 1 ^ L, and 

(5(8iid®"^^)(ads(xi) • • •ads(xv) o ( 50 )^) = 

ad;i(x[^’- ’"+') o ... o adfi(xt^’ ’"+‘) O ((5 (g)id®"-l) o 5{«))1AI'+1 
+ (adfl(x[^’ '’"^^) o---oad;j(xv^’ '’"^') - ads(x}’^’ '’"^') ° °ad;i(xv^’ '’"^')) 

o(5(«))1T'+i 

+ (adt,(x[^’ '’"+^)o---oads(x|,^’ '’"^') - ads(xj’^’ '’"+') o---oadfi(xv’^’ -’"+')) 

o(50)2.^'+i. 
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if E = E' U {!}, where 1 ^ E', imply that _ Ad(<I>^ 2 ,^’o) o has the desired form. 
Let us now treat the case Ifi | = 1. For this, we introduce the trees P 3 and P 4 , such that; 

§{P3) = ^ 5 ) o (id ®"-2 ^5) o... o 5, 

5 (A) = ^ 5 ) o (5 ® id®"-2) o (5 0id®«-3) o... o (5 ® id) o 5. 

We then prove the relation for the pair (PjPj) in the same way as for {Pi,P 2 ) (only the 
right branch of the tree is changed); the relation for (f’ 3 ,P 4 ) in the same way as for {P 2 ,P 3 ) 
(instead of composing a known relation by 5 ( 8 )id®”^\ we compose it with id®”^^ 05); 
and using the identity 

= (5 ® id®"-') o (id®"-2 ®5) o (5 (g) id®"-3) o... o 5, 

we prove the relation for {Pa,P) in the same way as for {P 2 ,P 3 ) (composing a known 
relation by 5 (g id®”-'). □ 

- b - Properties of 

Proposition 3.2. Let n be an integer and x GU. 

1) Assume that for any tree R, such that |/?| < n, we have 5^^^(x) G Then the 

conditions 

5(^)(x) (3.6) 

where P is an n-tree, are all equivalent. 

2) Assume that for any tree R, such that |/? \ <n,we have G Then the 

elements 

Q,5^^\x)modh'^ GUig^f 

where P is an n-tree, are all equal and belong to (g®")®" = 5”(g). 

Proof. Let us prove 1). We have = (id —77 oe)®l^l o where rj : K[[/i]] ^ U is 
the unit map of U, so 

5<'-)=Ad(*«)o«™+£ E E EE 

k\k<nR a k-tree v>l a 

card{Z)=/: 

(id -77 o e)®” o o • • • o sidaiFv,^^^'’) o 

Then 1) follows from: 

Lemma 3.3. Let E be a subset 0 / (we will write |E| instead o/card(E)) and 
let Uo be the kernel of the counit ofU. Let x G (f/o)®^^^ and F\,... ,Fv be elements of 
Then 

(id -77 oe)®"(ads(Fi) • • •ads(Fv)(x^)) e h"iUoff 

Proof of Lemma. Each element F G (t/')®" is uniquely expressed as a sum F = 
'E,ze^{{i....,n})FL, where Fz belongs to the image of 

(t/^)®PI ^ (UTf 

/-/^ 
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^({1,...,«}) is the set of subsets of {1,.. ■ ,n}, and Uq is the kernel of the counit of U'. 
Then 


(id -77 o£)®"(ads(T’i) ■ ■ ■adB(iv)(;c^)) 

(id-rjoer(ad,((Fi)zJ-..ad«((FvK)(x^)). 

The summands corresponding to (Hi,... ,Hv) such that Hi U • • -Hv UH 7 ^ {1, • ■ ■ ,n} are all 
zero. Moreover, each {Fa)za be expressed as where /„ G (f/o)®^^“^- The 

lemma then follows from the statement: 

Statement 3.4. IfL.Y! c x G y G then \[x,y\ can 

be expressed as , where z G h'''^'^^ '' (t/o)®P^^T 

Proof. If HnH' =0, then [x,y] = 0, so the statement holds. If HDH' 7 ^ 0, then the /i-adic 
valuation of i[x,y] is > -1 + |H| + |H'| > |H| + |H'| - I^^HH'] = |HUH'|. □ 

Let us now prove property 2). The above arguments immediately imply that the 
(f5(^)(x) mod/i), |P| = n, are all equal. This defines an element 5„(x) G U (g)®". If |P| = 

n, we have (id®'^®^ (g)id®"-*^-') o 5(^)(x) G ri"+^t/®”+', so if 60 : U{q) ^U{q)(^U{q) 
is defined by 5o(x) = Aq( x) — x 0 1 — 1 0 x + e(x) 1 0 1, Aq being the coproduct of U (g), 
then (id®^® 53 ®id®”^*^^*)(A„(x)) = 0 , so 

5„Gg®". (3.7) 


Let us denote by <7, ,+i the permutation of the factors i and / + 1 in a tensor power. For 
i= 1,... ,n — 1, let us compute (oi.i+i — id)(A„(x)). Let P' be a (n — l)-tree and let P be 
the n-tree such that = (id®'^* (giid®”^'^^) o Then 


(t7/\/+i id) (A;,) 


- (id®'-i 0(52’' - 5) 0id®"-'-') o (x)modfi 
h 


By assumption, 5^^\x) G h"U^'‘ moreover, 5^’' — 5 = A^’' — A, so (5^’* — 5){U) C 
h{U<S)U ); therefore 

(id®'-' (g)(52’' - 5) ®id®"-'-') o 5^^'^x) G ;i"+'t/®"; 

it follows that (cJ^i+i — id)(A„(x)) = 0, therefore A„(x) is a symmetric tensor of t/(g)®". 
Together with this gives A„(x) G (g®")®n . This ends the proof of ProDosition l3.2l □ 


- c - Flatness of U' (proof of Theorem ll.2> 


Let US set 

t/"W = {;c G t/'|5(^)(x) G /jl^l+'t/®!^! if |P| < «}. 

Then by ProDosition l2.4l we have a decreasing algebra filtration 

U' = D D D • • O hU'. (3.8) 

Each is divisible in U', i.e., nhU' = hU"^''\ We also have U"^”^ D +hU' 
(we will see later that this is an equality). We derive from (EUl a decreasing filtration 

e = D D • • •, 
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where = U'/hU' and /hU"^"^. We have clearly 

n = {0}; 

n>0 

the fact that ff is complete for this filtration will follow from its identification with the 
filtration 6 D D • • • (see Proposition |^J, where /hU and U'^‘^ 

is defined in (12.3> . We first prove: 

Proposition 3.5. Setgx"{ff)= © j Then there is a unique linear map X„ : 

n>Q 

gr'^(^) —> ^"(g), taking the class of x to the common value of all ^ {■^5^^\x)mQdh), 
where P is a n-tree. The resulting map A : gx\G^ —> 5'(g) is an isomorphism of graded 
complete algebras. 

Proof. In ProDosition l3.2l we constructed a map —> 5" (g), by v common value of 

^(^5^^^(;r)modri) for all n-trees P. The subspace c is clearly contained 

in the kernel of this map, so we obtain a map 

Let us prove that A = © A„ is a morphism of algebras. If v S and y G 

_ n>l 

Pror)osition l2.4l imr)lies that if R is any (n + m)-tree, we have 

5^P\xy)= Y. 5^^^'\xf . 

r',E"c{l,...,«+m}| 

E'uE"={l,...,«+m} 

The /i-adic valuation of the term corresponding to ill,11") is > |E'| + |E"| if |E'| > n and 
IE" I > m, and > | E' | +1E" | +1 otherwise, so the only contributions to ^ i^y) mod h) 
are those of the pairs (E',E") such that E' DE" = 0. Then: 

= L (^5(^5:')(v)modri)(^5(^5:")(y)modr2) 

E',I"C{1. n+m}\ 

\L'\=n.\L"\=m, 

E'nr"=0 

= Y {n\X„{xf ){m\Xm{y)^') 

|E'|=n.|E"|=m, 

i'ni:"=0 

= (n + m)!A„(x)Am(y), 

because the map 

( 0 ) ^ (r(g),shuffle product), 

X\---Xn^ Y 
<reS„ 
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is an algebra morphism. Therefore Xf,+m{xy) = X„{x)Xm{y)- Let us prove that is injec¬ 
tive. If X G is such that 5^^^x) modh) = 0 for any n-tree P, then x G 
so its class in ^ero. So each X„ is injective, so X is 

injective. 

To prove that A is surjective, it suffices to prove that Ai is surjective. Let us fix x £ g. We 
will construct a sequence x„ GU, n >0 such that e{x„) = 0, (^x„ mod h) = x, x„+i G 
Xn+tP^^U for any « > 1, and if P is any tree such that |P| < n, 5^^Hx„) G (this 

last condition implies that 5^^\xn) G for \Q\ > n). Then the limit x = lim (xn) 

n~*oo 

exists, belongs to U', satisfies e(x) =0and (^5i(x)mod7i) =x, so its class in 
is a preimage of x. 

Let us now construct the sequence (x„)„>o. We fix a linear map g ^ {y £ t/|e(y) =0}, y i—> 
y, such that for any y £ g, (ymod/i) =y. We set xi = hx. Let us construct x„+i knowing x„. 
By ProDosition l.3.21 if Q is any (n + l)-tree, 5^2) (x„) £ and {■^5^^\xn)modh) 

is an element of (g), independent of Q. Let us write this element as 

E E->'“(i)---3'“{«+i)^ where ^yf 0 • • • ®y“+i £ g®"+‘. 


Then we set 

x„+i=x„-——— ^ y“{i)---y“(„+i)- 
aee„+, 


□ 


We now prove: 

Proposition 3.6. 

1) For any n>0, + /it/'; 

2) The filtrations 0 = D D • • • and 6 = yy 0"^^'^ D ■ ■ ■ coincide, and 0 

is complete and separated for this filtration. 

Proof. Let us prove 1). We have to show that t/"^"^ C t/'^"^ +hU' . Let x £ t/"^”^. We 
have 5(^)(x) £ /jl^l+'t/®!^! for |P| < n — 1, and forP an n-tree, (^5^^)(x)mod/i) £ 5"(g) 
and is independent on P. Write this element of 5"(g) as Y.ae&„ Layo(i) ®'' '^a{n) 

fn = ;jTlaGe„Iay“(i)---y“(„)- Then eachyf belongs to U'r\hU, so fn G U'nh^U = 
U'^”\ Moreover, X —/„ belongs to {/"("+*). Iterating this procedure, we construct elements 
fn+i, fn+2 ) • • •) where each belongs to . The series Y, fk converges in t/'; denote 

k>n 

by / its sum, then x — / belongs to n = hU' . So t/"^"^ C t/'^"^ + /it/'. The inverse 

k>n 

inclusion is obvious. This proves 1). Then 1) immediately implies that for any n, 0'^^'^ = 
^"(«) \Ye already know 0 is complete and separated for 0 = 0'^^'^ D £>•••, which 
proves 2). □ 

End of proof of Theorem 11.21 ^ is a complete local ring, and we have a ring 

isomorphism —> 5 (g). Then any lift g ^ of —> 0'^''^'^ j0'^^ = g yields a 

continuous ring morphism p : 5 (g) ^ 0. The associated graded of p is the identity, so 
p is an isomorphism. So 0 is noncanonically isomorphic to 5 (g). □ 
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Remark 3.7. When U is Hopf and g is finite-dimensional, U'/hU' identifies canoni¬ 
cally with ffg* = where g* is the dual Lie bialgebra of g (see IDrll . IGal l. 

The natural projection ^(g*) —> t/ (g*) and the identification T (g*)* = T (g) (where T (g) 
means the degree completion) induce an injection U'/TiU' = ffo* = (t^(0*))* ^ T{q). 
The map U'/hU' ^ r(g) can be interpreted simply as follows. For any x G U', we have 
(^5„(;r)mod/l) G g®". Then U'/MJ' ^ ^(g) takes the class of x GU' to the sequence 
(^5„(;c)modfi)„>o. 

In the quasi-Hopf case, we have no canonical embedding U'/hU' ^ T (g) because the 
various {^5^^\x) modfi) do not necessarily coincide for all the n-trees P. This is related 
to the fact that one cannot expect a Hopf pairing t/(g*) ® iU' /MJ') K since g* is no 
longer a Lie algebra, so U (g*) does not make sense. 

In the other hand. Theorem 1 1.21 can be interpreted as follows: in the Hopf case, the 
exponential induces an isomorphism of formal schemes g* ^ G*, so U'/MJ' identifies 
noncanonically with = 5 (g). In the quasi-Hopf case, although there is no formal 
group G*, we still have an isomorphism U'/MJ' [q). □ 


§ 4 Twists 


- a - Admissible twists 

If {U,m,A,^) is an arbitrary QHQUE algebra, we will call a twist F G admis¬ 

sible iffilog(F) G (G')®^. 

Proposition 4.1. Let (G,m,A,<l>) be an admissible quasi-Hopf algebra and F an admis¬ 
sible twist. Then the twisted quasi-Hopf algebra {U ,mfAf<P) is admissible. 

Proof. Set / = h\og[F). Then we have 

filog(^O) = * (filog(<I>)) * (-/1’23) ^ 

where a-kb = a-\-b-\- j^[a,b]-\ -(the CBH series for G'®^ equipped with the bracket 

,—]). Since G'®^ is stable under*, we have filogj^O) G G'®^. So (G,m,^A,^<I>) is 
admissible. □ 

Let us now prove 

Proposition 4.2. Under the hypothesis of Proposition 14771 the QFS algebra U/ corres¬ 
ponding to (G, mfAf<P) coincides with the QFS algebra U' corresponding to (G, m,A, <1>). 

We will first prove the following lemma: 

Lemma 4.3. Let P be an n-tree. Then 

= + £ £ £ 

a/:-tree .^|| 

card(Z)=^ (4.9) 

L L (/ra ) o • • • o ads(/v.’a) o )^, 
v>l ce 

where for each V, 'Laf\)a ®fvla S (G'®”)®''. 
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Remark 4.4. One can prove that in the right hand side of ( 14. 9> . the contribution of all 
terms with k — nis (Ad(f — id) o where f is the product of (I,J subsets of 
n}, such that max(/) < min(7)) and their inverses such that 

= Ad(f(^))oA(^). 

Proof of the lemma, equation (14. 9> may be proved by induction on |P|. Let us prove 
it for the unique tree P such that \P\ = 2: 

V>1 

where (1) and (2) are the 1- and 2-trees. Assume that (I4.9> is proved when |P| = n. Let P' 
be an (n + 1 )-tree. Then for some i G {1,...,n}, we have 

5P = (id®'"' ) 0 id®"-') o 5p, 


where |P'l = n. Then: 


54 ) =(id®'-'®Af ®id®"-')o 4 "’'^ - (5j,^'))L....7;....«+i _ ( 5 j^P'))L..../+i....,«+i 
=(id®'-'®Af®id®"-')o(5(^') + £ £ ^ 

k<nR 2 i k-iXQQ, v^ri ii 
— LCjl. n\\ 

card(Z)=^ 

E L'ldsC/pa ) o • • • oads(/v;^ ) o (5('^>)®) 
V>1 a 

^ ^ 1,f7-)-1 ^ ^ 1,... 1,... ,rt-|-1 

=Ad(T'’''+') o + (5{^'))f-4-,«+i + ( 5 {A)^i,....lPi.....h+i 

+ E E E EE=«i»((/ff)'.. "*'> 

k<nR 2 l k-iXQQ. vr-fi w V>1 CC 
card(r)=^ 

oadr,((/v:aV’-’^'’'+'^'-’"+‘) ° (1®'"' 0A® 1®"-') o (5('^))'') 
^ ^ 1,...,!....,n+l ^ ^1.i+l,...,«+!_ 


this has the desired form because: 


(Ad(T'’''+') -1)0 + (5('f’'))i.-.L..,«+i + (5(A)y,....;+i,....«+i^ 

= E ^ads(/'’''+‘)''(5(^) + (5('P'))h-T-.«+i + 

V>1 

This proves ( 14.9> . □ 

End oe prooe oe Proposition One repeats the proof of Proposition 13.21 to 

prove that if x £ U', then we have 5(^)(x) G for any tree P. So U' C Up. Since 

(f/,m,A,<I>) is the twist by T"-' of (t/,m,^A,^<I>), and/ilog(T'-') = —fi\og{F) £ (t/')®^ C 
(t/^)®^, is admissible for {U so we have also Up C U', so Up = U'. □ 


- b - Twisting any algebra into an admissible algebra 


16 


Proposition 4.5. Let (U,m,A,^) be a quasi-Hopf algebra. There exists a twist Fg such 
that the twisted quasi-Hopf algebra is admissible. 

Proof. We construct Fg as a convergent infinite product Fg = ■■■F„---F 2 , where F„ S 
1 and the have the following property: if F„ = F„F„_i ■ ■ ■F 2 , if <t>n = 

and SP : U is the map corresponding to a tree P and to A„ = Ad(F„) o A, then 

we have 

{5P ® 0 5i^))(;;log(<I>„)) e ;il^l+iei+|Klt/§l^’l+IGI+|R| 

for any trees P, Q,R such that |P| + |2| + |/?| < n. 

Assume that we have constructed Fi,... ,F„, and let us construct Fn+l- The argument 
of Proposition 1.3.21 shows that for any integers (n 1 , n 2 , ^ 3 ) such that ni+n 2 + n 3 =n + l, 
and any trees P,Q,R such that |P| = ni, \Q\ = n 2 , |/?| = ^ 3 , 

® si® (8)5i^')(/!log(4>„))mod;i) G ®5"3(g), 

and is independent of the trees P, Q, R. The direct sum of these elements is an element (pn 
of 5 (g)®^, homogeneous of degree n + 1. Since <J>„ satisfies the pentagon equation 

(id(8)id(gA„)(4>„)^'(l ( 8 )<I>„)(id®A„ (8)id)(4>„)(<I>„ ® 1)(A„ (g)id(g)id)(<I>„)^1, 

(p)) := hlog{<i>n) satisfies the equation 

(-(id®id(gA„)(^f))*(lg)^f)*((id(gA„(gid)(^^))* 

l)*(-(A„igid(gid)(^f)) =0, 

where we set ^ 

a^k b = a b -[a,b]fi-\ - 

(the CBH series for the Lie bracket ]fl). Let (ni,« 2 )« 3 j« 4 ) be integers such that 

«! H-|-n 4 = n + 1. Let P,Q,R,S be trees such that |P| = ni,..., 15| = n 4 . Let us apply 

Si^^ ® • • • ® Si^^ to ll4.10> . The left hand side of (I4.10> is equal to 

(-A„®id®id + id®A„®id-id®id®A„)((pi') + {1 ^ (p^) - {(p^ ^ 1) + brackets. 

Now 

(si^^ ® si® ® S®^ ® si'^^)(A„ ® id® id)(^^) = (Si^^® ® S®^ ® Si'^^). 

where P U 2 is the tree with left descendant P and right descendant Q. Therefore 

(^(S®^ ® si® ® si^^ ® 5i^^)(A„ ® id®id)(^f )mod;i) = (Aq® id®id)(^„)„j,„ 2 .« 3.«4 

where the index (ni,... ,n 4 ) means the component in ®)L[ S"‘ (g). On the other hand, if a\ 
and a 2 G t/®^ are such that 

(5i® ® • • • ® 5f){ai) G Tp'^m+-+\S\,n)u%A 

for any trees (P,... ,S), then if (P,... ,S) are such that |P| H-b |5| = n, we have 

(Si® ® • • • ® S i [fl 1 ,02]) G ‘ t/®”; 

n 
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one proves this in the same way as the commutativity of U'/TiU' (see Theorem ll.H . Then 
® • • • 0 5i^^i ll4.10ll lti-n yields d(^„) = 0, where d ; 5 ^ 5 ( 0 )®^ is the co- 

Hochschild cohomology differential. This relation implies that 

~ tl(/n) T ^n: 

where /„ S and A„ G A^(g). Moreover, f„ and A„ both have degree n + 1. This 

implies that A„ = 0. Let /„ G {U (0)®^)<«+i be a preimage of /„ by the projection 

(where the indices n and < n mean “homogeneous part of degree n” and “part of degree 
< n”). Let f; G t/®^ be a preimage of/„ by the projection t/®^ ^ = U{q)®^. 

Set Fn+i = exp(/i"^'/„). We may assume that G {U{F„y)'^^, where U{F„)' = {x G 
t/|5r’(x) G;i“("’l^l)t/®l^l}. Then4>„+i If ^,2,/? are such that 1^1 + |2| +1/;| = 

n +1, then 

(5^ ® 0 si^'^jj/ilogCO^+i)) G /i”+'t/®”+^ 

Then according to Lemma lT^ 

(d ® ® Cl - C ® 0 5i''))(Mog(<I>„+i)) 

has /i-adic valuation > |P| + \Q\ + \R\ when If*! + \Q\ + |f?| < n + 1. So 

log(<!>„+ 1 )) G ;il^l+l2l+l^l[/®l^’l+l2l+l^l whenever |P| + \Q\ + |/?| < n + 1. □ 

§ 5 Proof of ProDosition l2.4l 


We work by induction on n. The statement is obvious when n = 0,1. For n = 2, we get 

5(2) (xy) =5(2) (x) 5(2) (y) + 5(2) (x) (5(') (y)' + 5(1) (y)2 + 5(1) (y)®) 

+ (5(1) (x) 1 + 5(1) (y) 1 + 5(®) (y)®) 5(2) (y) (5.11) 

+ 5(1) (x) 15(2) (y)2 + 5(1) (x) 25(2) (y) 1, 

so the statement also holds. 

Assume that the statement is proved when P is a n-tree. Let P be a (n + l)-tree. There 
exists an integer k G {0,... ,n — 1}, such that P may be viewed as the glueing of the 2-tree 
on the k-th leaf of a n-tree P. Then we have 

§{p} ^ (id®*®5(2)(g)id®"-^-i)o5('i’). 

Let us assume, for instance, that k = n — l. If v is an integer, set 

5v = {(!:',Z")|i:',L"c{l,...,v} and E'uL" = {l,...,v}}. 


Then 

Sn = f{n}.<b{Sn-\)'J h.{n}{Sn-l)^ f{n}^{n}i.Sn-\) (disjoint Union), 
where (E',E") = (E' U a,E" U)3). By hypothesis, we have 

5 (^)(xy)= Y . 5(^1 )(x)^> 5(^2 )(y)^2, 

(^1 
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therefore 


5^f’\xy)= Y. 

(rM")es„-i 

+ (y)^"u{«} 

_|_ 5 (^E'u{'>})(;c)^'u{"} 5 (^r"uw)(y)J:"u{«}_ 

Applying to this identity and using (15.11> and the identities 

(id®^®5('’) (g)id®l^l-'^-') o = 0 , 

we get 5(^)(xy) = 

Y ( ((id®P'l 05^)) o 
(L',z")es„^, ^ 

+ ((id®P"l 05(2)) o 5 (^^"uw)) (^)r"u{«.«+i} 

+ ((id®P'l 05(2)) o 5(^^'uw)^ (•^)r'u{«,«+i} ^(id®P"l 05 ( 2 )) o 5(^!;"uw)^ ( 3 ;) 2 :"u{«.«+i} 

+ (^(id®P'l 05(2)) o 5(^2:'uw)^ (^^r'u{n.n+i} |^5(^E"uw)(y)^"uW + 5(^i:"uw)(y)^"u{"+'}^ 
+ ^5{%uw)(;f)S'u{«}0 5{^’E'uw)(;f)®'u{«+i}^ (^(id®l^"l05(2))o5(^^"uw)^ (3;)®"u{«.«+i} 
_|_ 5(%uw)(;f)^'u{n}5{%'u{/i})(y)^"®{"+'l + 5(^i:'u{n})(x)®'®)"+')5(^^"uw)(3;)^"®{"}y 
So we get 5(^) (xy) = 

(^5(4'u{n,n+l})(;(.)^'u{n,n+l}5{4")(y)J^" 

{I'.l")es„_i 

+ 5(%)(;c)®'5(^i;"u{<.,«+i})(y)®"u{«.«+i} 

_|_ 5 (A;'u{ii,n+l})(;f)J^'u{n.n+l} 5 {f);"u{/i,n+l})(y)®"u{n,n+l} 

_|_ 5(%u{n,n+l})(;f)J^'u{n.n+l} ^5(f!;"u{n})(y)®"u{n} _|_ ^(^"utn+l})(y)®"u{n+l}^ 

_|_ ^5(%uw)(;(;)®'u{n} _|_ 5{4'u{n+l})(;(;)®'U{n+l}^ g (^Z"u{n,-1+1} ) ) ^"U{«,«+1 } 

_|_ 5(A;'uw)(;,;)®'u{«}5(%'u{«+i})( 3;)^"®("+1} + 5(^r'u{n+i})(x)^'^("+')5(^2;"uw)(y)®"u{«}y 

We have 

5 h +1 f{n^n+l},{n,n-\-l}{^n—\) ^ f{n,n-\-l},{n}i.^n—l) ^ f{n^n+l],{n-\-l}{^n—l) 

^ ^ f{n},{n,n+\}{^n—l^ ^ f{n+\},{n,n+l}{^n—l') 

U/(a,{«.«+i}(^«-i)U/{«},{«+i}(5n-i)U/{„+i}^{„}(5„_i) (disjoint union), 

where we recall that /q, p (E',E") = (E' U a,E" U )3). So we get 

5(^)(xy)= Y 5(%)(x)l^'l5(%')(y)l^"'. 

(£'.r")GS„+i 
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The proof is the same for a general k £ {0,... ,n — 1}. This establishes the induction. □ 


§ 6 Proofs of ProDosition ll.4l Theorem ll.Sl and Proposition^^ 


1. Proof of Proposition o According to IIDr2l . Proposition 3.10, there exists a 

series S’'{(p) £ expressed in terms of (p,(p) by universal acyclic expressions 

(and therefore invariant), such that = 1 +0{h^), and S''{(p) satisfies the pentagon 

identity. Then (t/(g)[[/l]],mo,Ao,<f'(^)) is a quasi-Hopf algebra. By Theorem ll..3l 2), 
there exists a twist F £U such that {U{Q)[[h]],mQ,^AQ,^S’f(p)) is admissible. 

S’{(p) gives rise to a collection of invariant elements de¬ 

fined by the condition that the image of ^'(^) by the symmetrization map f/(g)®^[[/i]] —> 
5 ( 0 )[[/ 2 ]]isL„>o,pi,p 2 ,p 3 >o^"^'(^)pi./- 2 .P 3 ,«- -^isthen expressed using only the 
the Lie bracket and the symmetric group operations on the g®". So F is invariant and de¬ 
fined by universal acyclic expressions. Therefore ^Aq = Aq. S’{(p) ^Sfcp) is then 

expressed by universal acyclic expressions, and defines an admissible quantization of 
(0,)i,5 = O,(p). 

2. Proof of Theorem Xn^ 1). We have then <#’(^) £ (t/(g)[[/i]]')®^. Since the coproduct 
is Ao, t/(g)[[/ 2 ]]' is the complete subalgebra of f/(g)[[/i]] generated by Hq, so it is a flat 
deformation of 5 (g) with Kostant-Kirillov Poisson structure. We then set (p := (^{(p) 
modulo h. 

3. Proof of Theorem ll .8\ 2). Let (pi, (p 2 be the elements of 5(g)®^ such that 

(5'(g),mo,Pg,Ao,^,) 

are Drinfeld algebras. Let C be the lowest degree component of Then the degree 

k of C is > 4. Taking the degree k part of the difference of the pentagon identities for 
and we find d(C) = 0, where d : 5 (g)®^ —> 5 (g)®^ is the co-Hochschild differential. 
So Alt(C) £ A^(g), and since Alt(C) also has degree > 4, Alt(C) = 0. If Cpj^p 2 ,p 3 is the 
component of C in 5^'(g) then we may define inductively B by Bo.i = Bi k-i = 0, 
BiJ-i = and 

Bi+i.k-i-i = T^(id(8)OT)[C,-,i,^_,_i -f ((id(g)d)(B;,i._,)). . 

where Bij is the component of B in 5'(g) ® 5^(g) and m is the product of 5 (g). So B can 
be chosen to be g-invariant. Applying successive twists, we obtain the result. 

4. ProDosition \1.9\ According to IIDr3l . (U ,^(htg^ ,htg'^)) is aquasi- 

triangular quasi-Hopf algebra. One checks that it is admissible; then the reduction modulo 
h of the corresponding QFS algebra is the Drinfeld algebra of 1). □ 

Remark 6.1. In the proof of Theorem ll.SI 2), we cannot use Theorem A of Eia because 
we do not know that the twist constructed there is admissible. 


§ 7 Associators and Lie associators 


In this section, we state precisely and prove Theorem ll.lOl 
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- a - Statement of the result 


Recall that the algebra ^n, n >2, has generators f'-', 1 < 1 7 ^ y < n, and relations 
tj’‘ = f'J, 


[f'’-' = 0 when i,j,k are all distinct, 

= 0 when i,j,k,l are all distinct. 

t„ is defined as the Lie algebra with the same generators and relations. Then = U (t„). 
When n < m and (/i,...,/„) is a collection of disjoint subsets of m}, there is a 

unique algebra morphism .% S'rn taking f' -' to Y. We call it an insertion- 

aelj,j3elj 

coproduct morphism and denote it by x 1 -^ In particular, we have an action of ©„ 

on Let us attribute degree 1 to each generator f'this defines gradings on the algebra 
and on the Lie algebra i„. We denote by 5^, and t„ their completions for this grading. 
Then is the preimage of by the natural projection ^ K, and the exponential is a 
bijection (^)o ^ 1 + {^n)o (where {^„)o = Ker{3^„ K)). We have an exact sequence 

An associator is an element <I> of 1 + (=%)o, satisfying the pentagon equation 

4)1.2,34^12,3,4 _ ^2,3,4(j,l,23,4^1,2,3^ (7.12) 


the hexagon equations 



and Alt(<I>) = \ + terms of degree > 2. We denote by Assoc the set of associators. 

If <I> satishes the duality condition ' then both hexagon equations are equiva¬ 

lent. We denote by Assoc ^ the subset of all <I> G Assoc satisfying the duality condition. If 
f G 1 + (^)o and <I> G 1 + (^)o^ the fvi'At of<P by F is 

— p2,3 pi,3-^-1 ^ 

This defines an action of 1 + (5^)o on 1 + (.5^)o, which preserves Pent = {'!> G 1 -I- 
{^ 3 )q\^ satisfies J7.12H . Assoc and Assoc*' ( Pent and Assoc are preserved because F has 
the form/(f'’^), / G 1 +fK[[f]], so the “twisted R-matrix” —F^'^RF^^ = /(f^7 jgd’^/2 
i,2)-i _ gf ’ /2^ Assoc ** is preserved because each F is such that F = F^’^.) We denote 
by Assoc^jg, Assoc, and Pent, the subsets of all O in Assoc . Assoc ** and Pent , such 
that log(<I>) G ts. 

Theorem 7.1. There is exactly one element of Pent, resp., Assoc , Assoc ^g) in each 
orbit of the action ofl + (f^)o on Pent ( resp., Assoc, Assoc **). The isotropy group of each 
element of Pent is |A G K} C 1 + (f^)o- 
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- b - Proof of Theorem l7.ll 


The arguments are the same in all three cases, so we treat the case of Assoc . 

Let <I> belongs to Assoc . Set <!> = 1 + ^ <!>,, where <!>, is the degree i component of <!>. 

i>0 

Let d be the co-Hochschild differential, 

d • •'^n ^ =%+l 

1=1 

Then d( 02 ) = 0, and Alt(<I> 2 ) = j[fComputation shows that this implies that 
for some A e K, we have O 2 = + Ad((f^’^)^). We construct F S 1 + (■^)o, 

such that ^<I> G Assoc t as an infinite product F = • • - ivi • • •T 2 , where Fj G 1 + {^ 2 )>i 
(the index > i means the part of degree > i). If we set = 1 + A(f ^2)2^ j-jjgjj iog(T 2 <j)) g 
t3 + (>^)>3- Assume that we have found T 3 ,... such that log('^"-*<I>) G ta + ( 

where F„_i = T’„_i ■■■F 2 . Then := log(^"-*'I>) satisfies 

((p(n-l))'A.34^((p{„-l))12,3,4^ ((^(„_l))2.3,4^(^(„_l))l,23,4^((^(„_l))1.2,3^ 

where * is the CBH product in (^ 3 ) 0 - Let (pi" be the degree n part of Then we 

get d(^(”^*)) G t 4 . We now use the following satement, which will be proved in the next 
subsection. 

Proposition 7.2. If y G ^ is such that d( 7 ) G t 4 , then there exists j3 G 1^2, such that 
7+d(j3) G ta. If Y has degree n, one can choose j3 of degree n. 

It follows that there exists j3 G ,5^ of degree n, such that (pi" — d(j3) G ta. Set L,, = 
1 + j3, then = log(^'’<I>) is such that G — d()3) + (,^ 53 )>„+i, so G ta + 
(■^)>n+l- Moreover, the product F = ■ ■ - Fn - ■ ■F 2 is convergent, and ^<I> then satisfies 
log(^<I>) G ta. This proves the existence of F, such that G Assoc j g. 

Let us now prove the unicity of an element of Assoct twist-equivalent to <I> G Assoc . 
This follows from: 

Proposition 7.3. Let <!>' and <I>" be elements of AssoC jj„. and let F belong fo 1 + 

Then — <I>" if and only if there exists A G K such that F = and <I>" = <!>'. 

Proof of Proposition I 7.3I Since f'A + fi 3 _|_f 2 ,a central in we have = O' 
when Fx = e^\ for any A G K. Conversely, let be the degree i part of F. Then for 
some Aq G K, we have Fi = Aq?. Replacing F hy F' = FF_x^, we get ^ = O", and 
F' — I has valuation > 2 (for the degree in f). Assume that F' — 1 0 and let v be 
its valuation. Let F^ be the degree v part of F'. Then d(T'y) G ta. On the other hand, 
Fl = where ^ G K— {0}. Now d((f g ^ = t/(ta) has degree < v for the 

filtration of t/(ta), and its symbol in 5''(ta) = gr„(t/(ta)) is L ( — 

v'=i V^' / 

Y, ( ) (f this is the image of a non-zero element in 5''(Kf'A 0 ]Kf *3 0 

v"=l J 

under the injection S''{ 0 ^ 5''(ta), so it is non-zero. So F' Y ^ leads 

l<z<j<3 

to a contradiction. So F = Fx^, therefore <!>'' = O'. □ 
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Note that we have proved the analogue of ProDosition l7.2l where the indices of t 4 , etc., 
are shifted by — 1 . 

- c - Decomposition of ts and proof of ProDosition l7.2l 

To end the proof of the first part of Theorem l7.ll it remains to prove Proposition 17.21 
For this, we construct a decomposition of t„. For there is a unique algebra 

morphism et : X ^ X„^u taking tij to 0 for any j ^ i, and taking to if 

j,k ^ i, where A, ( 7 ) = 0 if j < i and = 1 if 7 > i. Then £; induces a Lie algebra morphism 

Ei: in t„_i. Set t„ = n Ker(e,). Then we have 
i=l 

Lemma 7.4. 

t« = © © (ti)^ 

k=0 Ie3>’k{{l,...,n}) 

where ...,«}) is the set of subsets o/{l,...,«} of cardinal k, and (L)^ is the image 

oftk under 4 ^ in, where / = {q,... ,4}- 

Proof of Lemma. Let ^ be the free Lie algebra with generators f,- 7 , where \<i<j<n. 
It is graded by F := the degree of ti, J is the vector dij, whose {i',f) 

coordinate is .]')■ For k S F, we denote by the part of of degree k. Let n : 

g ^ t„ be the canonical projection. Since the defining ideal of t„ is graded, we have 

t«=©;r(g^). (7.13) 

ker 

On the other hand, one checks that t„ = © 7 r(gi.), where F is the set of maps k ; {(/, 7)|1 < 

kef 

i < 7 < Nj such that for each i, Y, k{i,j) + Y ^Ud) ^ 0- Define a map A ; 

j\j>‘ j\j<i 

F —> .^({l,...,n}) as follows (X n}) is the set of subsets of { 1 ,...,«}); A takes 

the map k : {(!, 7)|1 <i< 7 < n} —> N to {/| Y k{i,j) + Y k{j,i) f 0 }. Then for each 

i\i>i i\}<i 

/ G .^({1,.(t|/|)^ identifies with © Comparing with (I7.13L we get 

kel-Hi) 


tn = 






□ 


When n = 3, we get ta = Kf * A © Kf'A 0 0 Qn the other hand, the fact that the 

insertion-coproduct maps take t„ to im implies that d : Xi ^ Xi+i is compatible with 
the filtrations induced by the identification Xt = U{tn), Xn+i = t/(t„+i). The associated 
graded map is 

grXd) : 5’(t„) ^5'(t„+i). 

Proposition l7.2l now follows from; 

Lemma 7.5. When k >2, the cohomology of the complex 


SHi2) 


gr*(d). 




(I 4 ) 


vanishes. 
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Proof of Lemma. We have 


5'=(t3)= 0 5^-“( 0 Kf''^)05“(t3). (7.14) 

a=0 l<(<i<3 

Let X S 5^(13), and let {xa)a= 0 ,... k be its components in the decomposition ( I7.14t . We 
have 

5-(t4) =5-(t4)® (g) 5-(t3")0(g)5-(t^’')®5-(t3’^’‘*). 

2<i< j<4 i=2 

We denote by p the projection 

p : 5(t4)^tP05(tf’^), 

which is the tensor product of; the identity on the last factor, the projection to degree 1 
on the factor 5 ), and the projection to degree 0 in all other factors. We also denote 

by m ; 05 (13’^’^) ^ ‘S'(13) the map induced by the identifications C 13’^’"* ~ 13, 

tj ’ ~ t3 followed by the product map in S (13). We denote by di,d2,d3 the maps ,5^ —» 
defined by 

di W= ^>2.3.4 _ ^1.3.4 _ ^2,3,4^ 
d2(;r)=vb23.4_^1.2.4_^13,4^ 
d3W=vb234_^1.2.3_^l,2A 

SO d = di — d2 0 d3. The maps d,- are compatible with the filtrations of and we 
denote by gr^(d,) the corresponding graded maps, so gr^(d) = gr^(di) — gr^(d2) 0gr^(d3). 
Then if we set 

a,b,c\a-\-b+c=k—\ 

where Ca.b.c S 13, we have 

k 

mopog/(di)(v) = ( ^ axo) - 
a=0 

On the other hand, let us define the /-degree of an element of (t|/|)^ to be 1 if / G / and 0 if 
/ ^ /. Then the /-degree of 0/c{i....,n} ‘S”' ((i|/|)^) L S (t„) is ^ «/. If x is homogeneous 

for the 1-degree, then so is gr*(d2)(v), and l-degree(gi2-'(d2)(v)) = l-degree(x). On the 
other hand, the elements of S (14) whose 1-degree is 1 are in the kernel of p. It follows 
that 

mopogr^(d2)(va) =0if a 7^ 1, 

andpogr*(d2)(vi) = + , so 

mop Og/(d 2 )(vi) = eo,0,A-l [(f'’2 0f2,3^A-l _ ^ 

Finally, pogr^(d3)(v) = 0. If X is such that gr^(d)(;t) = 0, we have mo /7ogr^(d)(x) = 0, 
so 

Y, axa = eofi,k-li4'^ ■ 

a>0 
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Looking at degrees in the decomposition (I7.14> . we get Xa = 0 for a > 2, and xj = 

Using the projection p’ : 5 (t 4 ) ^ (8>we get in the 

same wayxi + Nowo,o(f+ ff3+^2, 

implies e^_i oo = sooAr-i = 0 so xi = 0. Therefore x S S^( 0 Let us set 

M<(<j<3 

X = 5(f where 5 is a homogeneous polynomial of degree k of K[m, v, w]. Since 
d(x) = 0, we have 


+ 5(f'’^f'’3+f'’^f2.3+J2.4)^5(J2.3^J2.4^J3,4)^5(JL2^Jl.3^J23) 

(equality in 5’( © Kt‘■■’)). 

l<i<j<4 

Applying o to this equality, we get 

therefore dud^S = 0. We have therefore 


S{u,v,w)=P{u,v)+Q{v,w), 

where P and Q are homogeneous polynomials of degree k. Moreover, d(x) = 0, so 

+ [e(f 

(7.15) 


Write this as an identity 




1,4 2,4 3.4 




Then A (resp., B,C) is independent on (resp., Let us now determine P and 

Q. Since B(f= B(0,fweJiave P{u,v + w) — P{u + v,w) — P{u,v) = 
P(0,v + H’) -P{v,w) —P{0,v). Therefore (dP)(M,v,w) = 0, where P{u,v) = P{u,v) — 
P{0,v) and d is the co-Hochschild differential of polynomials in one variable. The corre¬ 
sponding cohomology is zero, so we have a polynomial P, such that 


P(m, v) - ^(0, v) = P(m + v) - P(m) - T’(v). 


We conclude that P{u,v) has the form 

P{u,v) = P{u + v) — P{u) — R{v) (7.16) 

where P and R are polynomials in one variable of degree k; since P{u, v) is homogeneous 
of degree k, we can assume that P and R are monomials of degree k. In the same way, since 
C(f''4,f2-4,f3=4) = f2-4,0), we have ^(m + v,w) - ^(m, v + w) - 0(v, w) = Q{u + 

V, 0) - Q{u, v) - 2(v, 0), so [AQ)(u,v, w) = 0, where Q{u, v) = Q{u, v) -Q{u, 0). So Q{u, v) 
has the form 

Qiu,v) = Q{u + v)-Qiv)-Siu), (7.17) 
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where Q and S are polynomials in one variable of degree k, which can be assumed to be 
monomials of degree k. We have therefore 

X = q 12,3 _pL2 _ g2.3 _ j\,i^ 

whereP = P(f'’ 2 ), g = g(fi. 2 ) ^lAT = {R + S){t^'^). So x = A{Q) + {P+ - {P + 

g)i,2 _ 7 ’ 1,3 ggf a = P + g; we have d(y) = 0, where y = applying e\ 

to d(y) = 0, we get = 0,soT = 0. We then get + = 0. 

Applying £3 o £2 to this identity, we get a*’'* = 0. Finally P = —Q, so 3 c = d(g), which 
proves the lemma. □ 

- c - Isotropy groups 

Proposition 17. 3 1 can be generalized to the case of a pair of elements of Penh and it 
implies that the isotropy group of each element of Penh is the additive group G 

K}. Let <I> be an element of Pent . There exists an element Oue of Pent j in the orbit of 
<I>. So the isotropy groups of <I> and <I>Lie are conjugated. Since 1 + (^)o is commutative, 
the isotropy group of 4> is G K}. □ 
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